The non-finiteness of the mod-p Schur multiplier of a finitely generated group G with trivial center implies the existence of uncountably many non-residually finite, non-isomorphic central extension groups with kernel C p (see Thm. A). This phenomenon is related to the comparison of the cohomology of the profinite completionĜ of a group G and the cohomology of the group G itself (see Thm. B); according to J-P. Serre [8] a group G is good if the cohomologies ofĜ and G are naturally isomorphic on finite coefficients. It is shown that non-uniform arithmetic lattices of algebraic rank 1 groups over local fields of positive characteristic p are not good (see Thm. C).
(ii) There exist uncountably many central extensions
up to equivalence or weak equivalence. (iii) There exist uncountably many non-residually finite, non-isomorphic extension groups X of G with kernel C p .
Our second target is to study goodness, an important cohomological property introduced by are isomorphisms for all k 0, i.e., G is good if, and only if, G is p-good for all prime numbers p.
Our second theorem shows a quite astonishing fact: Finitely generated p-good groups must satisfy a strong cohomological finiteness condition (see Thm. 2.5).
Theorem B. Let G be a finitely generated p-good group. Then for every finite left G-module M of p-power order and all k 0 the group H k (G, M) is finite.
As was observed in [4] the congruence subgroup property for an arithmetic group implies the failure of goodness, and the goodness was conjectured for arithmetic subgroups of SL 2 Note that cocompact lattices Γ ⊆ G = G(K v ) of algebraic groups of this type are virtually free and therefore good.
Cohomology and finitely generated groups

Group extensions and extension groups
A short exact sequence of groups
is called a group extension of G with kernel C . In order to avoid confusion we call the group X itself an extension group of G with kernel 
In particular, one has a canonical one-to-one correspondence between the set of weak equivalence classes of short exact sequences (2.1) and the
We will make use of the following property. 
In particular, there exists an automorphism α :
commute. Thus taking the induced map γ : G → G yields the claim. 2
Homology and cohomology
For our purposes the following fact will turn out to be quite important.
Lemma 2.2. Let G be a group, let p be a prime number and let k 1. Then the following are equivalent:
Proof. By the universal coefficient theorem,
for every infinite-dimensional F p -vector space, (ii) and (iii) are equivalent. This yields the claim. 2
Residually finite extensions
Let G be a group. We denote by rf(G) the residual finite residue of G, i.e., rf(G) is the characteristic subgroup of G which coincides with the intersection of all normal subgroups of finite index in G.
denote the set of all 2-cocycles ξ for which in the associated short exact sequence 
where sξ is a short exact sequence of profinite groups, andẼ = im( j), i.e.,ĩ and˜j are surjective, andî andˆj are surjective. In particular,Ẽ is residually finite. This shows that im(i
andẼ is residually finite, one can complete the part of the diagram (2.5) consisting of the first two rows to the full diagram by definingˆj :Ẽ →Ê to be the profinite completion. This yields the claim. 2
Central extensions and the mod-p Schur multiplier
Lemma 2.2 has the following consequences for k = 2.
Theorem 2.4. Let G be a group, and let p be a prime number.
(a) The following are equivalent:
(ii) There exist uncountably many central extensions 
From Proposition 2.1 one concludes that in the case that G is residually finite the set of isomorphism classes of non-residually finite, non-isomorphic extension groups E of G with kernel C p is in one-toone correspondence to the set of (Aut(
. Thus in this case the claim follows from (2.7) and the same argument which was used in (b).
In case that G is not residually finite Proposition 2.1 shows that the set of isomorphism types of central extension groups E of G with kernel C p is in one-to-one correspondence to the set of
is of uncountable cardinality and Aut(G) is countable. In this case all these groups are non-residually finite. 2
Finitely generated p-good groups
Although Lemma 2.2 does not look very spectacular it has also the following astonishing consequence. 
Proof. Assume the conclusion is false, and let M be a finite left G-module of p-power
Without loss of generality we may also assume that M is a finite F p -vector space. As
is of uncountable cardinality. However, as G is finitely generated, its profinite completion G is second countable. Hence H k (Ĝ, M) is the countable direct limit of finite-dimensional F p -vector spaces and thus countable. In particular, i
cannot be an isomorphism, a contradiction, and this yields the claim. 2
As a consequence one has: Corollary 2.6. Let G be a finitely generated p-good group. Then |H k (G, M)| < ∞ for all finite left G-modules M of p-power order.
Nilpotent groups of class at most 2
The main purpose of this section is to show that certain infinitely generated nilpotent groups of class 2 are not good (see Thm. 3.3). In the final subsection we will apply this result in order to prove that certain arithmetic lattices in positive characteristic are not good (see Thm. 3.4). The exposition of the proof of Theorem 3.3 given here follows a suggestion of the referee. Our original proof which was slightly more general required more techniques from the theory of profinite sets.
Elementary abelian groups
For a prime number p let A = F p [x i , y j | i, j ∈ N] be a countable, elementary abelian p-group, and let i A : A →Â denote its profinite completion. Then the induced map i
has the property that every non-trivial normal subgroup of E must contain z. In particular, E is not residually finite. Let π : E → A denote the canonical projection, and let s : 
Split extensions
For a discrete group which is a split extension one has the following. 
Proof. By hypothesis, one has a commutative diagram
where π (resp.π ) denotes the canonical projection, and σ (resp.σ ) is a homomorphism of groups (resp. profinite groups) satisfying π • σ = id A (resp.π •σ = idÂ ). In particular, as i A is injective, one has rf(G) with finite vertex stabilizers. The theory of groups acting on trees yields a description of the structure of Γ in terms of the associated graph of groups Γ \\T . If Γ is cocompact, it is well known that Γ \\T is finite, and so Γ is virtually free. In case that Γ is non-uniform, which only happens for char(k) = p > 0, the situation is much more complicated. Here A. Lubotzky [5] has shown that the quotient graph associated to Γ \\T is a finite graph with finitely many ends attached. From this description one concludes that Γ contains a subgroup of finite index-in fact a congruence subgroup Γ (q)-which is a free product of a finitely generated free group with finitely many subgroups Θ j . By [6, Lemma 3.4(i)], every Θ j is a subgroup of finite index in the group of the O-integral points U j = U j (O) of the unipotent radical of a minimal parabolic subgroup P of G. Here O = O {v} denotes the ring of {v}-integers of k. In particular, Γ is good if, and only if, U j is good for all j.
In [6, §4] the unipotent radicals of all minimal parabolics P of G were determined. More precisely, either U j is infinite and elementary abelian, or it can be realized as an upper unitriangular 3-by-3 block matrix group over some skew field D. Hence U j is of exponent p for p odd, or U 
